Two kinds of the quantum electrodynamic radiative corrections to electromagnetic interaction and their influence on properties of highly dense quantum plasmas are considered. Linear radiative correction to the Coulomb interaction are considered. Its contribution in the spectrum of the Langmuir waves is presented. The second kind of the radiative corrections is related to nonlinearity of the Maxwell equations for strong electromagnetic field. Its contribution in spectrum of transverse waves of magnetized plasmas is briefly discussed. At consideration of the Langmuir wave spectrum we included effect of different distribution of the spin-up and spin-down electrons revealing in a shift of the Fermi pressure.
I. INTRODUCTION
Quantum hydrodynamic (QHD) finds applications in area of highly dense astrophysical plasmas: white dwarfs and atmospheres of neutron stars. It happens since more quantum effects display there in compare with semiconductors and metals. High densities lead to small interparticle distances and large wave vectors.
At small interparticle distances and large Fermi velocities the semi-relativistic (weakly relativistic) effects describing by the Breit Hamiltonian give contribution in properties of quantum plasmas. Hence one finds contributions of the quantum Bohm potential, the semirelativistic correction to the quantum Bohm potential, the relativistic correction to the Fermi pressure, the Darwin interaction, and the semi-relativistic correction to the Coulomb interaction [1] , [2] , [3] . However we can expect the presence of other classic electrodynamic and quantum electrodynamic effects. An example of classic effects is the radiation damping (see Refs. [4] , [5] , [6] ). Speaking of quantum electrodynamic effects we mean effects are not presented in the Dirac equation or in the Breit Hamiltonian. One of such effects is the anomalous part of electron magnetic moment. In has been easily included in literature by replacement γ 0 = qeh 2mc → γ = g qeh 2mc , with g = (1 + α/(2π)) = 1.00116, where α = e 2 /(hc) is the fine structure constant [7] , [8] . Another example of the quantum electrodynamic effects is the radiative corrections to the Coulomb interaction [9] , [10] , [11] . It appears as a modification of the Coulomb interaction
Replacement (1) can be described as the vacuum polar- * Electronic address: andreevpa@physics.msu.ru ization around point-like charge. This paper is dedicated to development of the manyparticle QHD model [12] , [13] of highly dense plasmas with the radiative corrections to the Coulomb law. We are also going to apply the model to description of waves in magnetized quantum plasmas.
The radiative correction (1) sometimes called linear correction. There are also non-linear radiative corrections revealing in a vacuum polarization P vac and a vacuum magnetization M vac , which exist even in absence of medium being non-linear on the electric and magnetic fields [9] .
The Lagrange function corresponding to the usual Maxwell equations is [4] , [9] 
Small radiative corrections appears as an extra term in the Lagrange function L = L 0 +L [9] , wherẽ
The vacuum polarization P vac and magnetization M vac appears from the Lagrange function as follows P vac = ∂L ∂E , and M vac = ∂L ∂B [9] . Nonlinearity of the Maxwell equations described by formula (3) reveals in a distortion of the field of a motionless charge q as [9] 
Correction in formula (4) has higher order on the fine structure constant α than correction (1), but it slowly decreases with the distance from charge. However contribution of the vacuum polarization and magnetization gives rather small contribution in the spectrum of the electromagnetic wave. Even in extreme external magnetic field it gives shift of the Langmuir frequency about 10
Le . Thus we are focused on the linear radiative correction (1).
In 2001, after explicit account of the Coulomb and spin-spin interactions in the many-particle QHD including exchange part of these interactions [12] , [14] , [15] , the program of including of all semi-relativistic effects in many-particle QHD was formulated [14] . Most of the semi-relativistic effects are presented by the Breit Hamiltonian [9] , [14] , [16] . However, there is the annihilation interaction between electrons and positrons [9] , [17] - [20] . All of these interactions were considered in past years [3] , [14] , [20] - [23] . We are focused now on effects beyond semi-relativistic approach as the vacuum polarization described above. Koide [24] have recently suggested another method of QHD equation obtaining for the manyparticle systems.
Having some recent achievements in classic relativistic hydrodynamics and kinetics [25] - [28] we find their continuous applications [29] , [30] , [31] . Steady interest to quantum relativistic effects has been formed in literature [3] , [20] , [23] , [32] - [41] . Let us give a brief description of relativistic effects, which have been included in kinetic and hydrodynamic methods of quantum plasma description. The spin-spin [14] , the spin-current [21] , the spinorbit [22] , [23] , [40] , [42] , the current-current [3] , [16] , [39] and the Darwin [3] , [40] interactions were considered in quantum hydrodynamics and quantum kinetics. Semirelativistic correction to the kinetic energy, relative force fields and relativistic part of the quantum Bohm potential were considered in Refs. [3] , [16] , [39] . Fluidization of the Dirac equation was performed in Refs. [33] , [41] . Fluidization of the Klein-Gordon [32] equation has been done as well. Moreover fluidization of the squareroot Klein-Gordon-Poisson system was considered in Ref. [43] . The annihilation interaction [17] , [18] , [19] , which is an interaction specific for electron-positron plasmas, was considered in terms of quantum hydrodynamics and kinetics in Ref. [20] . It requires consideration of a manyparticle formalism, since it leaves no trace in single particle Hamiltonians. Some steps towards semi-relativistic quantum hydrodynamics and kinetics based on the Breit Hamiltonian were also made over 1977-1980 (see Refs.
[44]- [48] ). The Wigner kinetic was applied to the KleinGordon equation [38] and the Dirac equation [37] , that allowed to get relativistic spectrum of the Langmuir and electromagnetic waves. Relativistic gamma factors were included in the continuity and Euler equations to obtain their relativistic generalization [35] . Equilibrium relativistic Fermi-Dirac distribution of electrons following motion of cold and non-degenerate ions was considered in Ref. [34] in order to get the nonlinear properties of ion acoustic waves in a relativistic degenerate plasma. Some of mentioned results are discussed in review [36] . This paper is organized as follows. In Sec. II we present the many-particle QHD model for dense quantum plasmas with radiative corrections to the Coulomb law. In Sec III we describe contribution of radiative corrections in dispersion of longitudinal waves in magnetized plasmas. In Sec. IV brief summary of obtained results is presented.
II. MODEL
Rigorous derivation of the many-particle QHD equations for plasmas was performed in 1999 [12] , whereas its single particle analog was obtained by Madelung in 1926 [49] . The first application of the QHD equations to plasmas was made by Rand in 1964 [50] , where Rand used similarity between quantum one particle hydrodynamics and classic many-particle hydrodynamics. Fluidization of the Pauli equation was done by Takabayasi in 1954 Takabayasi in -1955 . Application of single particle Hamiltonians has been actively used in past years [52] - [55] . It has been applied along with model kinetic equation [8] .
Here, for the first time, we present equations of the many-particle quantum hydrodynamics with the radiative corrections to the Coulomb law. In this section we consider linear the radiative corrections.
The QHD equations appears as
and
where
is the Green function of the Coulomb interaction including radiative corrections to the Coulomb law, with ξ = r − r ′ , ξ =| ξ |, α = e 2 /(hc) = 1/137 is the fine structure constant.
Equation (5) is the continuity equation containing the particle concentration n and the velocity field v. The next equation is the Euler equation describing the momentum balance. The first term on the left-hand side of equation (6) is the substantial time derivative of the velocity field. The next term is the gradient of thermal pressure related to distribution of particles on different quantum states. The third term, which is proportional h 2 , is the non-relativistic part of the quantum Bohm potential. The last term on the left-hand side is the linear part of the semi-relativistic part of the quantum Bohm potential. Full semi-relativistic quantum Bohm potential can be found in Refs. [3] , [16] , where the spinless part of the semi-relativistic force field appearing from the Breit Hamiltonian or the Darwin Lagrangian can be found as well.
On the right-hand side of equation (6) we have two groups of terms. The first of them is the Lorentz force caused by an external electromagnetic field. The second term describes interparticle interaction. It describes the Coulomb interaction modified by the radiative corrections as it is shown by formula (1) .
Neglecting the quantum part of the Green function of the Coulomb interaction we can explicitly introduce classic electric field
with
G 0 (ξ) is the classic part of the Green function of the Coulomb interaction. In absence of the quantum part of the Green function of the Coulomb interaction we can represent the Euler equation in more familiar form
with the charge density ρ = a=e,i (q a n a ). In equations (10)- (12) the Coulomb interaction is presented in traditional non-integral form in terms of the electric field E int obeying the quasi-electrostatic Maxwell equations (11), (12) . Equation (10) shows relation of equation (6) to traditional form of hydrodynamic equations.
III. DISPERSION OF HIGH FREQUENCY LONGITUDINAL WAVES IN MAGNETIZED PLASMAS
In this section we consider small perturbations of equilibrium state describing by nonzero particle concentration n 0 , and zero velocity field v 0 = 0 and electric field E 0 = 0.
Assuming that perturbations are monochromatic
we get a set of linear algebraic equations relatively to N A and V A . Condition of existence of nonzero solutions for amplitudes of perturbations gives us a dispersion equation. We now get the linearized set of QHD equations (5) and (6)
We have linearized form of QHD equations, where interaction is presented by integral terms. This is why we do not see familiar q e n 0 δE on the right-hand side of the linearized Euler equation (15) . Instead of it we have the first term in the large square brackets. Whereas the second term in the brackets is the radiative corrections of the Coulomb interaction.
We apply the following equation of state to get closed set of QHD equations
where ∆n = n 0 tanh
, γ e is the gyromagnetic ratio of electron, B 0 is an external magnetic field, T F e is the Fermi temperature in units of energy [15] , [56] . Formula (16) includes different occupation of quantum states by the spin-up and spin-down electrons, since they have different energy in the external magnetic field. It corresponds the non-relativistic Fermi pressure
at low densities and zero external magnetic field.
As the first application we coincide quantum plasmas without external magnetic field and derive spectrum of the Langmuir waves.
Equations (14) and (15) give the following ω(k) for the Langmuir wave
is the Langmuir frequency, and
is the Fermi velocity.
Since we do not apply the external magnetic field both terms in equation of state (16) are equal. This term in ω(k) coincides with the result of Ref. [3] . Our new result is in the modification of the Langmuir frequency caused by the radiative correction.
Main factor showing contribution of the radiative correction to the Coulomb interaction is the ratio of potential energy at wavelength distance to the electron rest mass e 2 k mc 2 . On Fig. (1) we present an estimation of the shift of the Langmuir frequency caused by the radiative correction.
In Ref. [3] it was found
is the square of Bohm velocity, see also Refs. [16] , [39] for more discussion of the spinless semi-relativistic quantum hydrodynamics.
Formula (20) does not include the radiative corrections, but it includes the Darwin interaction and the force field existing due to simultaneous account of the semirelativistic correction to kinetic energy and the Coulomb interaction in the Schrodinger equation.
Comparing formula (17) with results of Refs. [36] , [37] , [38] we see that simultaneous application of Wigner function and the Dirac and Klein-Gordon equations for getting of quantum kinetics and spectrum of waves in plasmas does not lead to account of the radiative corrections. A. Spectrum of longitudinal waves propagating in plasmas being in an external magnetic field
For classic plasmas being in an external magnetic field, the external magnetic field does not change the spectrum of the Langmuir waves propagating parallel to the external magnetic field. In quantum plasmas it is correct if we do not account spin effect coming via the change of the equation of state (16) . It gives the following contribution in the square of the Langmuir wave frequency
at small spin polarization. At propagation of the Langmuir waves perpendicular to external magnetic field the square of the cyclotron frequency shifts the square of the Langmuir wave frequency ∆ω 2 (k) = Ω 2 , where Ω = qB0 mc is the cyclotron frequency.
IV. CONCLUSIONS
We have derived the set of many-particle QHD equations containing the radiative correction to the Coulomb interaction. The radiation correction reveals itself in the Euler equation in the form of a potential force field. So, it gives contribution in longitudinal plasma waves only. We have considered contribution of the radiative correction in the spectrum of Langmuir waves. We have found that the radiation correction to the Coulomb interaction leads to decreasing of frequency. Magnitude of the decreasing is proportional to the ratio of potential energy of two electron Coulomb interaction to the rest energy of the electron.
We have considered equation of state for semirelativistic quantum plasmas being in an external mag-netic field at zero temperature. Even without consideration of spin evolution, spins of electrons reveals in the equation of state. Spin-up and spin-down electrons occupy quantum states differently. This effects gives contribution in the spectrum of Langmuir waves in magnetized plasmas. This effect appears to be isotropic and gives equal contribution in the spectrum at wave propagation parallel and perpendicular to the external magnetic field.
